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1. 17% Interval graphs

Given a set of n time intervals {{s,.,];)| i =1 to n}, we construct a graph, called

interval graph, as follows:
Corresponding to each time interval [s,, /), thereisanode v, i=1ton.

4

There is an edge between nodes v, and v, if and only if the corresponding

intervals [s;, f;)and [s,, f,) overlap, i.e, [s,, fONs,, f)# .

(1). Propose a polynomial time greedy algorithm to find a maximum independent set
in this interval graph. (Describe your algorithm briefly, and state the time
complexity.)

| (2)Consider the vertex cover problem in interval graphs. Is it possible to have a
polynomial time algorithm to find a minimum vertex cover in the above interval
graph? If yes, describe the algorithm. If not, prove it.

2. 16% Consider the maximum-flow problem, and max-fiow min-cut theorem.

(1) Prove: the value of a maximum flow< the capacity of a.minimum cut.
1((2) Prove that, in fact,
the value of a maximum flow= the capacity of a minimum cut
You have to write some mathematical expression to support your proof.
You may use special terms and notations, or draw some simple graphs to iIIustratg

your proof idea.,
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3. Assume the basic knowledge of NP-completeness: satisfiability , hamiltonian-

cycle, vertex-cover, subset-sum problems are NP-complete. And assume P # NP
(1)4% Determine whether each of the following two problems (A) and (B)
is in P or is NP-hard
(2) 13% Ifitis in P, describe the algorithm briefly, and state the time complexity.
If it is NP-hard, prove your answer.

(A) Find p -approximation solution for the vertex-cover problem, for some p > 1.
(B) Find p -approximation solution for the traveling-salesman problem,
forsome p>1.
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1. (16%)

(a) T(n) =4 T(/2) + n’
(b) T(n) = 4 T(/2) + v’ log n
(€) Tth) =4 T(w/2) + n’/log’ n
(dyTm) =4Tw?2) +nlogn
(€) T(n) = Ixn + 2x(n-1) +... + (n-1)x2 + nxI
(f) T(n) = Ixk + 2x(k -1)" + 4x(k -2 + ...+ (w/2)x1? if n=2%
(&) T = wn + wn+l) + w/(n+2) + ..+ ni’
(h) T(n) = log I +log2 + log3 + ...+ logn + log (n+1)... + logn’
For each of the above T(n), derive the corresponding f{#) with T(n) = ®(f{»n)). Hint; f{n).must be
one of the following: @(r), ®(n log 1), O(n log” n), ®(n ), O’ log n), O’ log’ n), @(n )
O’ log n) and O log’ n). .
2. (12%) (a) Given n integers (ay, ay, ..., a,) ranging from 1 to #°, design a O(n) algorithm to sort the #
items and show its time complexity.
(b) Prove that any comparison sort algorithm requires Q(n log ) comparison's in the worst case.
The proof seems contradictory to (&). Explain the reason.
3. (12%) Design data structures, called Vector, which require the following operations (no deletlon
for simplicity)
(1) £ind (key) : returns the data with key; .
(2) insert (key, data):insert data with key into the Vector.
Design the data structure such that
(a) the time complexity for each £ind operation is O(1), .

£

(b) the amortized time complexity for each insert operation is O(1), and
(c) the space complexity is always O(n) if there are n characters in the string buffer.
And explain why (a), (b), and (c) are satisfied in your data structure.

4. (10%) In bioinformatics, there is a sequence comparison problem, defined as follows. Assume to
score +1 for a match, -1 for a mismatch, and --3 for an insertion or deletion; then, derive the
matching with the highest score, Briefly describe the algorithm and illustrate your algorithm by the
following two sequences, CGATCGGCAT and CAATGTGAATC.




