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1. Consider the minimum spanning tree problem
| (2). Prove the correctness of the Kruskal’s algorithm. (Tt is also called a greedy
algorithm for the minimum spanning tree problem.) 8%

(b) In order to implement the Kruskal’s algorithm efficiently, a special kind of data
structure is used, write the name of this data structure. 1%

(c) Using this data structure, write the time complexity of each Union operation.
Explain briefly the basic idea to union two disjoint sets. What advantage does it
have? 3%

(d) Using this data structure, write the worst case time complexity of each Find -
operation. Explain briefly the basic idea to achieve this time complexity. 3%

2. Consider the shortest path problem. (In a directed graph, some of the edges may have
negative weights.) Assume P NP. '
(2) Describe briefly the Bellman-Ford algorithm. Prove the correctness of this
algorithm. State and explain briefly the time complexity.
Can this algorithm always find a shortest simple path between two nodes?
No matter what the edge weights are? Explain or prove it briefly . 9%
' (b)Is the following problem a P-problem or an NP-hard problem? Explain briefly.

“Find a negative weight directed cycle.” 4%

(c)Is the following problem a P-problem or an NP-hard problem? Explain briefly.

“Find a directed cycle with the most negative total weight.” 4%

3. (a)Which of the following 12 functions are polynomially bounded?
(b)Which are polylogarithmically bounded?
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4. Give asymptotic upper bounds for 7'(#) - in each of the following recurrences.
Assume that T'(n) is constant forn <2 . Make your bounds as tight as possible.
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(8%) An oil company is planning a large pipeline running east to west horizontally through an oil
field of n wells. From each well, a spur pipgaline is to be connected directly to the main pipeline
along a shortest path (either north or south), as shown below. Given coordinates (x, y) of the wells,
how should the company pick the optimal location of the main pipeline (the one that optimizes the
total length of the spurs)? Show the optimal location can be de egmined in linear time. —

(10%) Now, you are inside a Buffet restaurant. Assume that your stomach can only accept food i
with maximum size M and there are » kinds of food with sizes and values as (51, V1), (52 V2 s Bn
v,), in the restaurant. The restaurant requests all customers to eat up all foods taken without

 splitting. Otherwise, get some high penalty. Assume all values are integers. Design an algorithm to

find the highest value of food that you can take and eat. Demonstrate your algorithm based on the
case: M=27 and 4 kinds of food with (3, 4), (4, 5), (6, 9), (8, 13). Hint: this is equivalent to the
knapsack problem.
(20%) Design data structures, called Hashtable, which require the following operations (no
deletion for simplicity) ’

(1) £ind (key) : returns the data with key;

(2) insert (key, data): insert data with key into the hashtable.
Assume that each key value is less than a sufficiently large prime number p. Design the data
structure, Hashtable, such that

(a) the averaged time complexity for each £ind operation is O(1),

(b) the amortized time complexity for each insert operation is O(1) by assuming that each

find operation takes O(1) time, and |

(c) the space complexity is always O(n) if thete are n characters in the string buffer.
And explain why (a), (b), and (c) are satisfied in your data structure.
(12%) Assume that the 3-CNF-SAT problem has already been proved to be NP-complete. Now,
prove that the clique problem is NP-complete. ' '




