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1. 15%
a) Consider the ordered searching problem. (Sce below.)

For any comparison searching algorithm, the number of comparisons has a worst case lower bound.
Write the (best) lower bound, and prove your answer.

Is there any algorithm achieve this lower bound? 5%
The ordered searching problem: Given a sorted sequence, g, <4, <4, <..4,, <d4d,,

and given an x, find an a, suchthatx=a,.

b} For any comparison based sorting algorithm, the number of comparisons has a worst case lower bound.
Write the (best) lower bound without proof. 1%
c) Consider the problem of sorting n numbers.

Suppose that, among these n input numbers, there are only O(log #) distinct ones.

Show that there is a comparison based sorting algorithm to sort these n numbers in O(nloglogn) time. 7%
(d) Compare the results in part (b) and (c), and explain why. 2%

2. 15%

(a)Use Dynamic programming technique to find an optimal solution for the 0-1 knapsack problem
(See the definition below. Assume that all the data, v, w, and W, are positive integers.)

b)Is the algorithm a polynomial time algorithm? Explain briefly.

{Define the object function, write the recursive relation, give the initial condition,

illustrate the table, indicate where the answer is,

and estimate the time complexity and space complexity.)
0-1 knapsack problem :

There are n items, the i th item is worth v, dollars and weights W, pounds for i=1 to n.

A person wants to take as much valuable a load as possible but he can carry at most W pounds in his knapsack.

Each item must either be taken or left behind, He cannot take a fraction of an item or take an item more than 0.
Assume that all the data, v, W, and W, are positive integers.

3. 8%
Consider the amortized analysis of an algorithm.

Explain the basic idea of the potential method. Write some mathematical expressions to explain it.

You may use those special terms used in this method.

Explain how one ¢an find a worst case upper bound of the time complexity using the potential method.)
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. 12%

Given the basic knowledge of the text book, answer and prove the following problems.
(2) Is the longest-simple-cycle problem in P or NP-complete (NP-hard)? 1%

b) Prove briefly your answer to part (a). 5%

(¢) Isthe shortest-simple-cycle problem in P or NP-complete (NP-hard)? 1%

(d) Prove briefly your answer to part (c). 5%

* [The longest-simple-cycle problem:
Determine a simple cycle (no repeated vertices) of maximum length in a graph.
The shortest-simplé-cycle problem:

Determine a simple cycle (no repeated vertices) of minimum length in a graph.
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1.(12%) Let T(n) = @(f(n)). Assume that 7(#) is constant for sufficiently small #. Derive f{r) in the
simplest formula for each of the following 7(n).
T(n) = 2T(n/2) + n log n.
Ttm) = 2T(W2) + n.
Ttn) = 2T(wW2) + n/logn.
Tm) =Tw?2) + T(n/3) + T(n/6) + n.
T(n) = T(3n/4) + T(n/5) + n.
Tm) = n”sT(nm) + n.

2.(12%) Briefly describe Huffman’s algorithm. Then, what is an optimal Huffman code for the
following set of frequencies, based on the first 8 Fibonacci numbers?
a:l b:l c:2d:3e5£:8 g:13 hi2l
Can you generalize your answer to find the optimal code when the frequencies are the first #

Fibonacci numbers?

3.(16%) Describe an O(|I/]2 log |V] + |V] |E])-time algerithm to solve the all-pairs shortest-paths problem
for weighted directed graphs (¥, E), where negative-weight cycles are allowed. Hint: use the
Bellman-Ford algorithm, Dijkstra’s algorithm, and the reweighting technique.

4.(10%) For the maximum flow problem, describe an O([V] |E|2)-time algorithm, where |V] is the
number of vertices and |E| is the number of edges in the graph (V,E). Note: need to derive the time

complexity.




