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1. Selection Problem: Find the k-th largest in an array of size n.

(a) In a special case, we are looking for the largest (so £ = n ). It is obvious
that the largest can be found in O(n) time. Do you think it needs Q(n) time?
Why? 5%

(b) If k is the median, if instead of partitioning them into 5 in a group, I have 10
in a group. Describe the algorithm to find the median. Please also give me
the recursion if I insist partition them into 10 in a group. What is the time
complexity if I do so. 12%

2. Sorting:

(a) Selection problem (the previous one) can be solved in linear time. To build
a max heap can be done in linear time as well. To sort, however, it needs at
least ©(nlogn) time to sort n numbers? Give me your comments about this.

5%

(b) Show that the height of a binary tree is Q(logn) if there are n nodes in the
tree. 8%

(¢) Given a max-heap of n nodes, prove by induction that the left child and right
child of node ¢ are respectively 2¢ and 2i + 1 if (2¢ + 1) < n. Note that the
max-heap is a complete binary tree stored in an array. Node 7 means the
nodes stored in index ¢ in the array. We don’t used index 0. 8%

3. Dynamic table: C++ STL (standard template library) support vector. You use
that as an array (support direct access, i.e., to access A[i] in constant time) but
the nice thing is that you don’t need to specify the size. If you make a sequence
of n insertions and deletions, STL guarantees the space of the vector is O(n), and
the cost to management the space is O(n) as well. Describe how to do the space
management and show that the amortized cost is linear. Note that, there are table
expansion and contraction. 12%
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15%
1. The subset sum problem is stated as follows:
Givenaset S = { aj a a3, anjof n positive integers and an integer target t > 0,
determine whether there exists a subset S’ of S whose elements sum to t.
(1) Use dynamic programming technique to solve the subset sum problem.
(Write the object function, recursive relation, initial condition, and illustrate the table, indicate
where the answer is. Give the time and space complexity of your algorithm.)
(2) Apply your algorithm to solve the example S= {2, 1, 3} and t= 4. Show the table.

(3) Is the algorithm a polynomial time algorithm? Explain.

15%
2. Let G=(V, E) be a directed graph with positive edge weight.
The diameter of a graph G= (V, E) is the maximum of the distances between any pair of vertices.
(i.e. diameter = max {d(u, v) / for every pair of vertices u and v},
where d(u, v) is the length of the shortest path between u and v)
Determine whether the problem of finding the diameter of a graph with positive weight is in P or
is NP- hard? If it is NP-hard, prove it. If it is P, describe an algorithm.

20%
3. Let G=(V, E) be a graph with positive edge weight.
(1) The longest-simple-cycle problem is the problem of determining a simple cycle
(no repeated vertices) of maximum length in a graph.
Formulate it into a related decision problem.
Is the decision problem NP-complete? Or is it a P problem? Justify your answer.
(2) The smallest-simple-cycle problem is the problem of determining a simple cycle
of minimum length in a graph.
Formulate it into a related decision problem.
[s the decision problem NP-complete? Or is it a P problem? Justify your answer.
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