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1. (16%) Rank the following functions by order of growth; that is, find an arrangement gy, g3, ..., g,
of functions satisfying g; = Q (g2), 22 = Q (g3), ..., gu.r = Q (gy). Partition your list into
equivalence classes such that /) and g(#) are in the same class if and only if f{n)= ©{g(n)). (Note:
logn=logion, lgn=Ign,Inn=1log. n,log,2= 0.693 and log;o2 = 0.301.

(@) (g n) " (b)n(gn)/Ugigny

(C) (n)llign (d) n lglgn

() 1.I" 0 101"

(g) 2nx(2n-2) x...x2 (h) "

(@) log(n!) () log ()

Q2+ 2+ M4+ 1 O Pr+ 202 + 30 + .+ (Inn)
(m) 8" () 16"

(0yn +n/2 + n/3.. . tun (p) I x(n-1)+2x(n-2)+ 3x(n-3)+ ...+ (n-1) xI

2. (8%) Let T(n) = @(ftn)). Assume that T(n) is constant for sufficiently small ». Derive f{») in the
simplest formula for each of the following T(x).
Tn) = 2T(1/2) + nlogn.
T(n) = 2T(W/2) + n.
T(n) = 2T(w/2) + n/log n.
T(n) = 2T(n/2) + n/ log’ n.

3. (10%) The problem of building max-heap is: given » elements, build a max-heap containing the »
elements. Design a linear-time algorithm for this problem and prove that its time complexity is
Om).

4. (16%) (a) Briefly describe your algorithm of finding a minimum parenthesization of a matrix-chain
product, in which the goal is to parenthesize the sequence of matrices so as to minimize the
number of scalar multiplications. (b) Illustrate your algorithm by the sequence of dimensions {5,
10, 3, 12, 5, 50, 6}. (¢) Consider a variant of the matrix-chain multiplication problem in which the
goal is to parenthesize the sequence of matrices so as to maximize, rather than minimize, the
number of scalar multiplications. Does this problem exhibit optimal substructure?
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5. 24% Assume the basic knowledge about NP-completeness in the textbook.( For example;
Satisfiability, Clique, Vertex-cover, Hamiltonian-cycle, and Subset-sum problems are NP-complete.)
For each of the following problems, answer whether it is in P, NP-complete, or NP-hard. If it is in P,
give the name of the algorithm or write a few words if necessary (no need to prove it). If it is

NP-hard, you MUST give a proof.
(1.)Find a longest simple path between two nodes, where all the cdge weights are positive.
(2.)Find a shortest simple path between two nodes, where the edge weight can be negative or positive.
(3.)Find a negative-weight cycle.
(4.)Find a negative-weight cycle with the most negative total weight.
(5.)Find a largest cycle in a graph, where the edge weight is 1 for every edge.
(6.)Find a smallest cycle in a graph, where the edge weight is 1 for every edge

6. Consider the minimum spanning tree problem.
(1.)6% Prove the correctness of the Kruskal’s algorithm.

(2) 2% There is a special data structure to implement the Kruskal’s algorithm more efficiently. Give
the name of this data structure, and give the time complexity of each operation used in this data
structure. (Just give the answer, no need to prove it.)

(3.) 6% Given a graph G and a minimum spanning tree T, suppose that we decrease the weight of one
of the edges in 7. Show that 7 is still 2 minimum spanning tree for G. More formally, let T be a
minimum spanning tree for G with edge weights given by weight function w. Choose one edge (x,
y)eT and a positive number £, and define the weight function w’ by

w,v) i @)= (%))
w'lu,v)= :
{w(x:y)"k {f (H,V) = (xsy)
Show that T'is a minimum spanning tree for G with edge weights given by w’.
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7. 12% Amortized analysis
Consider the dynamic table problem ( with both insertion and deletion operations) introduced in the
textbook. (Review the problem briefly as follows: When the table is full, expand the table to a new

table with double size. When the load factor is decreased down to% , a(l)< % , - contract the table

down to a new table with half size.)
For each of the following possible potential functions, indicate the worst case that causes the largest

o) A
amortized cost ¢, for one operation, and compute this ¢, .

s(num[T}—%size[T]) if e/T) ;_%

#(T)= ]
{(=size|[T]—num[T] ) if a(T)<—
2 2
(L1.) §=2:¢=1
(2.) s=11 =1

(3) s=3 ¢=1




